Density-functional theory within the effective-liquid approximation is applied to the problem of the isotropic-nematic transition of D-dimensional hard convex bodies. It is shown that the free-energy functional factorizes into its radial and angular contributions. Due to this factorization two different versions of the self-consistent equations can be implemented, and it is shown that in D=3 they coincide with previous theories. In the present work all the formulas are worked out with a particular choice for the angular distribution: the one-order-parameter approximation. The problem of determining the excluded volume of two hard convex bodies is discussed. For hard ellipsoids the Gaussian-overlap approximation is used, whereas an exact formula is given for the excluded volume of two hard spherocylinders.
I. INTRODUCTION Freezing can be considered as the paradigm of a firstorder phase transition. Although in the last decades we have gained a great deal of understanding, we still lack a real first-principles theory that accounts for the rnechanism of freezing. An important breakthrough was attained when Aider and Wainwright [1] proved, by molecular-dynamics (MD) simulations, that a system of hard spheres (HS's) undergoes a first-order phase transition from a disordered fluid phase to an ordered solid in which spheres occupy the sites of a three-dimensional (3D) lattice. The important idea underlying this result is the fact that repulsive forces alone can induce a solid phase, contrary to the then-widespread idea that attractive forces are needed. The later discovery of a 2D solid in a system of hard disks [2] [3] (DFT). The idea underlying DFT is that the thermodynamic potentials of a system can be written as functionals of the one-body density function [4] . The main advantage of this theory, as already proven by the pioneering work of Ramakrishnan and Yussouf [5] , is to be capable of obtaining insight into the thermodynarnics of the solid using only the well-known structure of the fiuid phase [6] as input. Among the different approaches that have been developed in the context of DFT [3] , the effective-liquid approximation (ELA) for the description of the freezing of HS's [7] has obtained very good agreement with computer simulations.
The study of liquid-crystalline rnesophases has paralleled that of freezing. By liquid crystals (LC's) we refer to those phases that exhibit intermediate order between the crystalline order of solids and the full disorder of fiuids [8] . It is well known that some anisotropy in the basic components is necessary in order to obtain these mesophases; once this anisotropy is present the kind of order we can find is either orientational order or partial positional order or a combination of both. The early work by Onsager [9] on the transition from an isotropic (I) fiuid to a nematic (N) ( [10 -18] and theoretical studies [19 -30] 
II. THERMODYNAMICS OF D-DIMENSIONAL HARD CONVEX BODIES
We consider a system of N uniaxial hard convex bodies enclosed in a D-dimensional volume V. Let p=N/V and Q = F /p V denote, respectively, the average density and the free energy (F) per particle of such a system. According to the DFT [4] the free energy P = P[p] is uniquely defined as a functional of the one-body density function p(x), where x=(r, u) denotes both the translational (r) and orientational (u) degrees of freedom. This functional can be decomposed into a sum of three terms: the idealgas contribution P;d arising from the kinetic part of the Hamiltonian; the external-field contribution P, ""and an excess term P,", due to the interactions between the particles of the system. Then P=P;d+P, ", +P,", with X f drc(r;u, u', [Ah)) (2.5) where the translational invariance of both phases (I and N) has allowed us to write c (x, x', [p] ) =c(r -r';u, u'; [h ]).
At this point we face the problem of finding the expression of the DCF of an inhomogeneous phase. This has turned out to be a very diScult problem which has as yet only been solved exactly for some 1D systems [33] . For higher-dimensional systems one has to find a reasonable approximation for the DCF. To this purpose different strategies have been developed [21 -24] . One of these circumvents the inhomogeneous DCF problem by translating the ELA formalism developed within the DFT of freezing [3] into the I Nlanguage, a-s done by Baus et al. [27] for 3D and by Cuesta, Tejero, and Baus [28] for 2D. The ELA prescription [7] consists of replacing the exact DCF of Eq. (2.5) 
. (2.12) To go ahead with the ELA we need a recipe to calculate the effective density p[h]. In the earlier version of the ELA [27, 28] the effective density was determined from ad hoc geometric arguments. The problem of this method is that it is not at all obvious how to extend it to other phases. In the context of freezing this problem was solved by introducing a self-consistent ELA [35] (SCELA), which was later reformulated into a generalized ELA [7] (GELA). In this formalism the effective density p[p] is determined through a self-consistency relation between the excess free energy of the inhomogeneous (in our case anisotropic) phase P," [p] and that of the homogeneous phase evaluated at the effective density, P,"(P) (see Appendix). In the present case, due to the factorization approximation involved in (2.8), the selfconsistency relation can be imposed either on the total excess free energy or, as the angular part does not depend on the average density, on the radial part only. We will henceforth refer to these two different approaches as the total GELA (t-GELA) and the radial GELA (r-GELA), [26] within the weighted-density formalism of Tarazona [37] .
For the r-GELA we obtain rl"[A,h]=A, ri, and p," [h] reduces to To implement the OOP approximation, we first have to determine which is the optimal basis of orthogonal polynomials to expand lnh(u) into. In 3D these polynomials are Legendre polynomials [27] and in 2D, Chebishev polynomials [28] . F(x)=e " fody e and Io(x)= f "(d8/n)e ""'. [18, 41] . The second virial coefficient in the GOA is [43] HS model, and hence they were one of the first systems for which the nematic phase was studied [14 -18,20 - [29] .
(a This property was proven to hold for D =3 (and it can also be proved for D~3) by Onsager [9] , and indeed all theories verify it except the SPT of Boublik [47] , for which b2~-, ' as a~~. However, although for D =2
all the theories satisfy (5.3), it has been proven to be false In Fig. 6 we plot the EOS of 2D HE's obtained from the t-GELA and the r-GELA, together with the Monte Carlo (MC) results of Ref. [18] , for aspect ratio a =2, 4, and 6. We can see that, although the prediction of the order (always second order) and the location of the transition (always too low) are wrong (see also Fig. 7 Fig. 7 and Table I ). On the contrary, the t-GELA exhibits the same failure as in 2D. For this reason we will henceforth only consider the r-GELA, although eventually we will come back to the t-GELA but mentioning it explicitly. In Fig.  8 (Fig. 6 ) the nematic branches obtained from the t-GELA are in strong disagreement with the simulations.
(t-GELA), and their results and those obtained from our t-GELA are much poorer than the former. Also worth noticing is the superiority of the r-GELA for reproducing the thermodynamics of the transition, namely, the pressure and chemical potential, at coexistence.
Results for the stability limits of the nematic and the isotropic phases (r1o and r)z, respectively) for a system of D-dimensional HE's are given in Table II Fig. 7 .
These results show that the I-N transition starts being rather narrow at low eccentricities (hg/g", with b q =g"q, , is less than -10% up to~-4, for all D) but it widens as~increases, as could be expected. The jump in the order parameter q~i s always quite strong, against the idea of the I-N being a weakly first-order transition and invalidating the possibility of a converging Landau expansion. Lee [30] and by other previous theories, namely, those of Marko [23] , Baus et al. [27] , Holyst and Poniewierski [26] [whose calculations are based upon the functional (2.14)], Mulder and Frenkel [20] , Perera, Patey, and Weis [24] , and Singh and Singh [22] . rI; and g"denote the packing fraction of the isotropic and nematic phases, respectively; b, rj=r)"-t);; P*=PPuo and p, *"=P)M, "arethe reduced pressure and the excess chemical potential at the coexistence point, and q is the order parameter of the nematic phase at g". of the constant one, h(u)=1+f(u), where f(u) vanishes when we approach g, from above.
Let us rewrite (7.1) in terms of f (u):
where a is a parameter that measures the "distance" to the bifurcation point and which has to be eliminated to find f(u) as a function of rl. By inserting (7.7) and (7.8) in (7. 2) the following hierarchy is found: r, (Kf-()(u)=f((u) - (7.10) which can be solved by noticing that Jdu'f"(u')=0 and f, (u) =M& '(u), and multiplying the equations by f, (u) and integrating over u, using the self-adjointness of E and imposing orthogonality of the f"(u). In this way we find the following solutions up to second order:
So the existence of the bifurcation is related to the existence of eigenvalues of the operator E, with the restrictions that f(u)=f( -u), Jduf(u)=0, and u n= cos 8=+1 have to be the only maxima of f(u). In that case the bifurcation is given by 2QHs(n, )= --1 (7.5) Since near the bifurcation f(u) is as small as desired, we can expand the right-hand side of (7.2) as a functional of f (u) up to first order to obtain
(D+4)(D+2) (7.12) (7.13) k being the corresponding eigenvalue. Using the summation theorem of Gegenbauer polynomials we can prove, after some algebra, that M"' ' are eigenfunctions of K with eigenvalue A, '"'.
The parity condition [f(u)=f( -u)] discards the odd elements of the polynomial set, the condition f du f(u) =0 discards Mo '(u), so finally, the M~(")(u) with n )0 form a basis for f (u) . Further, the restriction that f (+1) be the unique maxima of f (cos 0) leaves only M(z '(u) in the vicinity of g, . Then, Eq. (7.5) We can go ahead with Kayser and Raveche's formalism and expand f(u) and r(g) -= 2QHs(q) around rl, :
' ') (7.14)
2X, "'-X, "' 4g(2)(g (2) g (2) In his first attempt to describe the I-N transition, Onsager proved [9] that in 3D the virial expansion up to second order becomes exact in the combined, so-called I Onsager limit, g~O,~-+ao while keeping~g=const.
We can check whether our formalism is consistent with Onsager's theory by performing this limit on our functional. First, we have to take into account that the compressibility factor, in the limit g~O, behaves as Z~s(g) =1+2 'ri+O(vP), which implies Q~s(g) =2 'vg+O(r) ). Second, in the limit le~ac we have (1 -g ) ' -K/2+O (1/a) [10] ,and similarly for the 2D hard needles system [11, 28] [30] Ref. [26] r-GELA [13] , by numerical solutions of (2.16) as reported by Lee [30] , from the functional (2.14) as given by HoXyst and Poniewierski [26] , and from the present calculations. Notation is the same as in Table   I (8.4) are written in terms of both variables, ri and c, the coexistence has to be solved for each~independently. In Table IV results for the coexistence in the 3D HSC system with a=6 are gathered together with the available simulation results [13] ,the results from the r-GELA with numerical determination of h(u) by Lee [30] , the results from the t-GELA by Hofyst and Poniewierski [26] , and the present calculations with both approaches. The superiority of the r-GELA compared to the other theories can again be appreciated. Besides, it can be seen that the numerical solution of the Euler-Lagrange equation [30] does not lead to any serious improvement and this makes the OOP approximation a convenient and simple approximation.
IX. THE LIMIT D~ao
The study of first-order phase transitions in the large-D limit is interesting due to the fact that in this limit the mean-field theory becomes exact, unlike the case of the second-order transitions for which the mean-field approach is exact above a certain finite (critical) dimension. The former statement can be understood by noticing that the average number of neighbors goes to infinity with the dimension, satisfying in this way the assumptions of the mean-field theory [53] . The [54] , the I N-transition of hard rods [55] , and the phase diagram of binary HS mixtures [56] . In the remainder of this section we will extend the study of the I Nt-ransition of hard rods [55] (9.24) where q, 1s the order parameter at g"and is determined which with the previous identification of the order parameter turns out to be exactly the same as the free energy (9.5) . Therefore the present formalism within the OOP approximation becomes exact in the large-D limit, whatever the version (either t-GELA or r-GELA) ( (3.31) of Ref. [7] ], then we will have y(0)=0 as well. Equations (A4) and (A7) yield the following system of ordinary differential equations: 
